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Abstract

In this thesis we investigate the efficacy of denoising diffusion probabilistic models
(DDPM) in generating convergence maps conditional on the cosmological parameters
Ωm and σ8, and compare it to previous work using the conditional Wasserstein-GAN
(CWGAN) by Perraudin et al. 2020. We utilise a number of summary statistics,
including the pixel value distribution, power-spectrum, bispectrum, Minkowski func-
tionals as well as the Wasserstein-1 distance to compare the images generated by the
DDPM to test data. Additionally, we examine the use of different hyper-parameters
as well as sampling methods. We find that our DDPM successfully generates accu-
rate convergence maps which are only marginally outperformed by the CWGAN and
thus provide a simpler and more stable alternative. Given more time to fine-tune the
DDPM, it is likely that it will be able to surpass the CWGAN.
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Chapter 1

Introduction

Since the dawn of time, humankind has been fascinated by the sky, trying to unveil the
mysteries the universe holds. In recent decades, the study of the cosmos has increasingly
relied on cosmological N-Body simulations (e.g. Potter, J. Stadel, and Teyssier 2016, Hop-
kins 2015). By comparing these simulations to observations the cosmological parameters
governing our universe can be constrained. Unfortunately, running a single cosmological
simulation can take up to several weeks and requires significant computational resources.
With the rise of generative machine learning researchers have tried to circumvent these
issues by training generative models, which produce outcomes in just a few seconds to
minutes, to be used in place of simulations or observations (e.g. Perraudin et al. 2020,
Ullmo, Decelle, and Aghanim 2021, Wing Hei Yiu, Fluri, and Kacprzak 2021).

In this thesis we explore the potential of the newly developed denoising diffusion proba-
bilistic model (DDPM) (Ho, Jain, and Abbeel 2020) in generating convergence maps. This
is not a completely novel approach, as Mudur and Finkbeiner 2022 have already shown
their potential at generating dark matter mass density fields and images of interstellar dust
and Smith et al. 2022 have provided evidence for the generation of galaxy images, outper-
forming other generative models such as generative adversarial networks (GAN) in image
sharpness and realism. Our model differs not only in the type of maps generated but also
in complexity as we train a conditional DDPM, conditioned on both the matter density
Ωm and the root-mean-square matter fluctuation σ8. To check the quality of our DDPM
we make use of a number of summary statistics such as pixel value distribution histograms
and Wasserstein-1 distance which are a simple statistical measure of the distribution of
the pixels. We also probe the structure of the maps by calculating the power-spectrum
for lower order as well as the bispectrum for higher order structure. Finally, we also make
use of Minkowski functionals which give us information about the morphology of the con-
vergence maps. For comparability, we utilise the same training data as in Perraudin et al.
2020 in addition to using their conditional Wasserstein-GAN as a baseline.

The thesis is structured in the following way. First discussing some theoretical concepts,
we briefly introduce weak lensing and convergence in Sec. 2.1 as well as the cosmological
parameters the DDPM is conditioned on in Sec. 2.2. Next, in Sec. 2.3 we examine
two widely used generative models in computer vision, the variational autoencoder and
GAN before introducing the DDPMs and its sampling methods. Building upon these
theoretical concepts we outline the experiment in Sec. 3 going into detail on the training
data, neural network architectures as well as the summary statistics. Finally, we discuss
the results in Sec. 4, comparing the best checkpoint of the DDPM to the CWGAN as well
investigating the use of different sampling methods and hyper-parameters before concluding
the thesis.
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Chapter 2

Theory

2.1 Gravitational lensing

The theory of general relativity predicts that massive objects bend the fabric of spacetime
(Einstein 1914). When we observe distant objects these wells in spacetime act as lenses,
causing the path of light to bend. This leads to the observed objects appearing distorted,
magnified and in another position in the sky, an illustration of which can be seen in Fig.
2.1. This phenomenon is known as gravitational lensing and it is an important tool for
studying the distribution of matter in the universe. A few examples of objects we can
observe acting as lenses include black holes (e.g. Bozza and Mancini 2004), galaxy clusters
(e.g. Liu et al. 2023) and dark matter halos (e.g. Herrera-Martín et al. 2019).

Observer

χ∆θ

Figure 2.1: The purple circle represents a massive object which acts as the gravitational lens on
the observed object in orange. The observed object then appears (for example) on both sides of
the lens.

When observing a lensed object, we can describe the deflection angle (Scott Dodelson and
Schmidt 2020)1 of the light emitted from the source as

∆θi(θ) =
∂

∂θi
φL(θ) (2.1)

φL(θ) ≡ 2

∫ χ

0

dχ′

χ′
Φ(x(θ, χ′))

(
1− χ′

χ

)
(2.2)

1The full derivation can be found in Scott Dodelson and Schmidt 2020 in Chapter 13
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Chapter 2. Theory Convergence Maps using DDPM

where φL(θ) is the lensing potential, θ the observed position, χ is the co-moving radius, Φ
the perturbation of the spatial curvature and x(θ, χ′) = (χ′θ1, χ′, θ2, χ′) the unperturbed
photon path.

2.1.1 Weak lensing

Occasionally astrophysical objects can appear strongly lensed, for example if a supermas-
sive black hole lies within their line of sight (e.g. Bozza, Novati, and Mancini 2008), but
generally lensing effects are not detectable by visualising a single source and a statistical
approach is necessary where multiple sources are averaged over. In this case we introduce
the galaxy distribution W (χ), normalised

∫∞
0 dχW (χ) = 1, and implement this into Eq.

2.2, finding the weak lensing potential

φL(θ) = 2

∫ ∞
0

dχW (χ)

∫ χ

0

dχ′

χ′
Φ(x(θ, χ′))

(
1− χ′

χ

)
(2.3)

φL(θ) = 2

∫ ∞
0

dχ′

χ′
gL(χ′)Φ(x(θ, χ′)) (2.4)

where gL(χ′) is the lensing kernel

gL(χ′) ≡
∫ ∞
χ′

dχ

(
1− χ′

χ

)
W (χ) (2.5)

which can be used to model the efficiency of gravitational lensing on a distribution of
sources. A lensing kernel was also utilised in the creation of the convergence maps used
in this thesis (details in Sec. 3.1). The convergence κ is known as the dimensionless
surface-mass density

κ(θ) =
Σ(θ)

Σcr
with Σcr =

c2

4πG

DS

DLDLS
(2.6)

with Σcr being the critical surface-mass density, DS the distance between the source and
observer,DL the distance between lens and observer andDLS the distance between lens and
source. The convergence can also be described as the source of the lensing potential

κ(θ) =
1

2
∇2
θφL(θ) (2.7)

2.2 Ωm, σ8 and the S8 tension

As mentioned previously, the cosmological parameters on which we condition our generative
model are the matter density Ωm and present root-mean-square matter fluctuations σ8. A
parameter which combines the two is the S8 parameter S8 = σ8

√
Ωm/0.3 and quantifies the

tension between the CMB Planck data and lower redshift data at a level of 2-3σ (Martinelli
and Tutusaus 2019). Specifically in weak lensing measurements, when aiming to constrain
Ωm and σ8 the S8 parameter becomes useful since it breaks some of the degeneracy between
the two and allows to constrain them better. Hence N-Body simulations (e.g. Fluri et al.
2019) or generative machine learning models (e.g. Perraudin et al. 2020, Wing Hei Yiu,
Fluri, and Kacprzak 2021) in the field of cosmology are often conditioned on these two
parameters mostly because they have the largest influence on the evolution of structure
formation but also to gather more data on the S8 tension.

4



Chapter 2. Theory Convergence Maps using DDPM

2.3 Generative modelling

In recent years, significant progress has been made in machine learning research with a focus
on improving unsupervised learning techniques such as generative models (e.g. Karras,
Aittala, et al. 2021, Hong et al. 2023, Xu et al. 2022). Typically, the goal of a generative
model is to learn the underlying probability distribution Pdata(x) of a dataset in order to
generate new samples that resemble the original dataset, but are not contained within it (Ng
and Jordan 2001). Since this distribution is not known in most cases, such as for images of
faces or weak lensing maps, we aim to find an approximate model Pθ(x) ≈ Pdata(x). This is
achieved by training a neural network, which consists of minimising a loss function in order
to optimise the trainable parameters θ of the approximate model. In the following section
we introduce two popular generative models: the variational autoencoder (Kingma and
Welling 2014) and the generative adversarial network (Goodfellow et al. 2014). Building
upon these we then direct our attention to denoising diffusion probabilistic models (Ho,
Jain, and Abbeel 2020).

2.3.1 Variational autoencoders

Autoencoders

Before we have a look at how variational autoencoders work, we first need to understand
the structure of autoencoders (AE). Autoencoders were initially created for dimensionality
reduction (Hinton and Salakhutdinov 2006) but soon found use also in generative machine
learning (Vincent et al. 2010). The dimensionality reduction is preformed with a so called
encoder which encodes the original data onto the lower dimensional latent space x 7→
eθ(x) = z in a nonlinear fashion, where θ are the trainable parameters. For the purpose
of training the encoder a decoder is used to revert back to the original data z 7→ dφ(z),
with trainable parameters φ. Training such a network would then consist of minimising a
loss function which for example could take the form of an L2-loss

LAE(θ, φ) =
1

2m

m∑
i=1

||xi − dφ(eθ(xi))||22 (2.8)

which compares the input data xi to the output dφ(eθ(xi)) after passing though a bot-
tleneck. As mentioned earlier, the decoder of an AE can also be seen as a rudimentary
version of a generative model by sampling latent vectors from the latent space and feeding

x dφ(eθ(x))

Input Latent space
bottleneck

Output

z3

z2

z1

..
.

..
.

Figure 2.2: Depiction of the network structure of a fully connected autoencoder where the
dimensionality of the input vector is reduced to d = 3. The encoder eθ encodes an input x onto
the latent space x 7→ eθ(x) = z and the decoder dφ aims at mapping the latent vector back such
that z 7→ dφ(z) ≈ x.
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Chapter 2. Theory Convergence Maps using DDPM

them through the decoder. Even though autoencoders have shown great success in dimen-
sionality reduction (as compared to t-SNE or PCA) (Hinton and Salakhutdinov 2006) they
are not a great choice for a generative model. This is because the network only learns to
reconstruct the input data and does not span the whole latent space. Nevertheless, there
have been some successful attempts at altering the vanilla AE with the purpose of making
it generative (Böhm and Seljak 2022, Makhzani et al. 2016).

Variational autoencoders

Variational autoencoders (VAE) were created with the goal of making an AE where the
decoder can be used to generate samples from the latent space (Kingma and Welling 2014).
As this is a generative model we wish to learn an approximate probability distribution pθ(x)
which mimics the true distribution of the data pdata(x). A trainable encoder qφ(z|x) and
decoder pθ(x|z) are then utilised to map between a simple prior/latent distribution pθ(z)
and the more complex data distribution. This process is visualised in Fig. 2.3.

pdata(x) pθ(z)

qφ(z|x)

pθ(x|z)

Figure 2.3: Meta-structure of a variational autoencoder, where pdata(x) is the unknown data
distribution and pθ(z) is some simple latent distribution, for example a Gaussian. The encoder
qφ(z|x) then maps a point from the data distribution onto the latent distribution and the decoder
pθ(x|z) maps from the latent distribution onto a datapoint.

The model then simultaneously learns the joint distribution pθ(x, z) = pθ(z)pθ(x|z) and
the interference model qφ(z|x). We can see this more clearly by investigating the log-
likelihood (more in Kingma and Welling 2019) of the data

log pθ(x) = Eqφ(z|x) [log pθ(x)] (2.9)

= Eqφ(z|x)

[
log

[
pθ(x, z)

pθ(z | x)

]]
(2.10)

= Eqφ(z|x)

[
log

[
pθ(x, z)

qφ(z | x)

qφ(z | x)

pθ(z | x)

]]
(2.11)

= Eqφ(z|x)

[
log

[
pθ(x, z)

qφ(z | x)

]]
︸ ︷︷ ︸

= Lθ,φ(x)
(ELBO)

+Eqφ(z|x)

[
log

[
qφ(z | x)

pθ(z | x)

]]
︸ ︷︷ ︸

=DKL(qφ(z|x)||pθ(z|x))

(2.12)

where DKL is the Kullback-Leibler divergence (Kullback and Leibler 1951) which is a
measure of distance between the probability distributions and takes on positive values
expect for when qφ(z|x) matches pθ(z|x), where it becomes zero. This indicates, that the
first term, the evidence lower bound (ELBO), creates a lower bound for the log-likelihood
of the data distribution

Lθ,φ(x) = log pθ(x)−DKL (qφ(z | x)||pθ(z | x)) ≤ log pθ(x) (2.13)

Hence, the training objective becomes maximising the ELBO loss with regards to the
training parameters φ and θ

Lθ,φ(x) = log pθ(x, z)− log qφ(z | x) (2.14)
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Chapter 2. Theory Convergence Maps using DDPM

A simple implementation of a VAE, where the prior distribution is chosen to be a diagonal
multivariate gaussian can be seen in Fig. 2.4.

xin xout

Input Latent space Output

sample

sample

sampleN (µn, σn)

N (µn, σ2)

N (µn, σ1)

zn

z2

z1
..
. ..
.

..
.

..
.

..
.

Figure 2.4: The architecture of a variational autoencoder where the input x is mapped onto
parameters of a normal distribution from which a latent point z is drawn and decoded back.

2.3.2 Generative adversarial networks

The introduction of generative adversarial networks (GAN) (Goodfellow et al. 2014) marked
the start of a new era of image generation (Karras, Laine, and Aila 2019, Brock, Donahue,
and Simonyan 2019, Zhu et al. 2020). The way GANs are constructed is as a game with
two adversarial players: the generator GθG(z) : z → x, which tries to create data from
noise which fools the discriminator, and the discriminator DθD(x) : x→ true/false, which
tries to correctly distinguish between generated data and training data. An example of
the structure of a GAN can be seen in Fig. 2.5, where the architecture of the generator
and discriminator usually consists of convolutional layers when used in computer vision
(as in Perraudin et al. 2020). During training the generator and discriminator take turns
evaluating their loss function and updating their parameters.

LD(θD; θG) = − 1

2N1

∑
i

logDθD(xi)−
1

2N2

∑
j

log(1−DθD(GθG(zj))) (2.15)

LG(θG; θD) = − 1

2N2

∑
j

logDθD(GθG(zj)) (2.16)

In the loss function for the discriminator logDθD(xi) is the probability that the discrim-
inator correctly classifies a real image and log(1−DθD(GθG(zj))) the probability that it
correctly classifies the image of the generator as fake. The generator on the other hand
tries to increase the probability logDθD(GθG(zj)) of having the discriminator falsely clas-
sify its generated image as real, which incentivises the generator to produce more realistic
images.

Despite their great success GANs have a few significant shortcomings. They require a
large amount of training data in order to generate accurate data, their training dynamics
are unstable and they tend be vulnerable to mode collapse, meaning that the generator
becomes very good at producing only one class of images which fools the discriminator best
(Saad, O’Reilly, and Rehmani 2022). There are a few ways to combat this issue (Wiatrak,
Albrecht, and Nystrom 2020), such as allowing the discriminator to evaluate a few images
at a time, thus letting it take notice to multiple similar images. Another popular approach
to overcome mode collapse is implementing a Wasserstein loss (Arjovsky, Chintala, and
Bottou 2017).
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Noise

z G(z)

xreal

Fake
Real/

Generator Discriminator
..
. ..
.

..
.

. . .

. . .

. . .

..
.

..
. ..
.

..
.

. . .

. . .

. . .

Figure 2.5: The structure of a generative adversarial network where the generator tries to generate
images G(z) which fool the discriminator D(G(z)). The discriminator tries to correctly distinguish
between the real xreal and fake images G(z).

2.3.3 Denoising diffusion probabilistic models

Both variational autoencoders and GANs are powerful tools for natural image generation.
Nevertheless choosing one over the other always leaves room for improvement. GANs are
notoriously bad at producing a diverse range of samples, are hard to train and require
large amounts of training data (Wiatrak, Albrecht, and Nystrom 2020). On the other
hand, VAEs can more easily produce a wider range of images but lack in image quality
and resolution (Yacoby, Pan, and Doshi-Velez 2021). In 2015, Sohl-Dickstein et al. n.d. pro-
posed a new architecture, diffusion probabilistic models, that would produce high quality
images without sacrificing variety. The idea behind the diffusion model is to train a neural
network to convert Gaussian noise into a target sample via a Markov chain. Originally, this
method was inspired by work in sequential Monte Carlo (Neal 1998) and non-equilibrium
statistical physics (Jarzynski 1997). The implementation investigated in this thesis is the
denoising diffusion probabilistic model (DDPM) (Ho, Jain, and Abbeel 2020) which has
already seen success in projects like DALL-E 2 or Stable Diffusion where they use a diffu-
sion model for the image generation part of their generative language model. In Fig. 2.6
one can see some examples of the text-to-image generation from DALL-E 22. Furthermore,
there have been projects implementing the diffusion process into VAEs (e.g. Pandey et al.
2022) as well as GANs (e.g. Wang et al. 2022).

There are two key aspects to the diffusion model, the forward diffusion process and the
reverse diffusion process. Essentially, the former is a controlled Markov chain that adds
noise to an image in incremental steps and the latter is trained by a neural network to
de-noise the image in an equal amount of steps. In the following section we provide a more
detailed description of both.

Forward diffusion process

The forward diffusion process is characterised by adding small amounts of Gaussian noise
to the original data point x0 in T amount of steps, where xt is the noisy image at time-
step t < T . The amount of noise added in each step is determined by a variance scheduler
{βt ∈ (0, 1)}Tt=1. The conditional probability of the image at the next time-step then is

2It is important to note, that for these projects DDPMs are only a small part of the whole network and
a lot more work went into the encoding of textual and visual information, where a sentence such as "An
oil painting of a corgi playing chess" is first mapped onto a representation space and later onto an image
representation space.
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Figure 2.6: Three images generated with DALL-E 2 with the following prompts: left - "An oil
painting of a corgi playing chess", middle - "A 3D rendering of a whale floating in space", right -
"A black hole consuming Earth as digital art"

described as
q(xt|xt−1) = N (xt;

√
1− βtxt−1, βt1) (2.17)

The entire forward diffusion

q(x0:T |x0) = q(x0)

T∏
t=1

q(xt|xt−1) (2.18)

is then the product of all conditional probabilities. These steps are also visualised in Fig.
2.7. For large time-steps T the process of adding noise can become very computationally
tedious since the process is recursive. Luckily, there is a way to simplify the problem by
defining αt = 1 − βt and ᾱt =

∏t
i=1 αi. Using εt−1, εt−2, · · · ∼ N (0,1), one can now

write

xt =
√
αtxt−1 +

√
1− αtεt−1 (2.19)

=
√
αtαt−1xt−2 +

√
αt
√

1− αt−1εt−2 +
√

1− αtεt−1 (2.20)

=
√
αtαt−1xt−2 +

√
1− αtαt−1ε̄t−2 (2.21)

where ε̄t−2 merges two Gaussians which leads to a new standard deviation of√
σ2
t + σ2

t−1 =
√
αt(1− αt−1) + (1− αt) =

√
1− αtαt−1 (2.22)

This process can be iterated multiple times to find a dependency on the original image
xt =

√
ᾱtx0 +

√
1− ᾱtε which implies

q(xt|x0) = N (xt;
√
ᾱtx0, (1− ᾱt)1) (2.23)

Since x0 is known, this means that as long as all ᾱt are calculated once, one can sample any
given time-step xt on the spot without having to iterate through all of the intermediate
steps in the Markov chain.

x0
. . .

. . .

. . .

. . .

q(xt|xt−1)

pθ(xt−1|xt)
xt−1 xt xT

Figure 2.7: Both the forward diffusion process and the reverse diffusion process are shown, where
x0 is the original image and xt is the noised image after t steps.
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Reverse diffusion process

Analytically we can not find the reverse diffusion process q(xt−1|xt) and hence we need to
approximate it with a trainable model pθ

pθ(xt−1|xt) = N (xt−1;µθ(xt, t), βθ(xt, t)) (2.24)

pθ(x0:T ) = p(xT )
T∏
t=1

pθ(xt−1|xt) (2.25)

where µθ and βθ depend on the trainable parameters θ. Using Bayes’ theorem P (A|B) =
P (B|A)P (A)

P (B) and the fact that the reverse conditional probability

q(xt−1|xt,x0) = N (xt−1; µ̃(xt,x0), β̃t1) (2.26)

is a Normal distribution q(xt−1|xt,x0) ∝ exp
(
−1

2(xt−1−µ
σ )2

)
we find (Weng 2021)

q(xt−1|xt,x0) =
q(xt|xt−1,x0)q(xt−1|x0)

q(xt|x0)

∝ exp

(
−1

2

[
(xt −

√
αtxt−1)2

βt
+

(xt−1 −
√
ᾱt−1x0)2

1− ᾱt−1
− (xt −

√
ᾱtx0)2

1− ᾱt

])
∝ exp

(
−1

2

[(
αt
βt

+
1

1− ᾱt−1

)
x2
t−1 − 2

(√
αt
βt
xt +

√
ᾱt−1

1− ᾱt−1
x0

)
xt−1 + C(xt,x0)

])
If we expand exp

(
−1

2(xt−1−µ
σ )2

)
= exp

(
−1

2( 1
σ2x

2
t−1 − 2 µ

σ2xt−1 + µ2

σ2 )
)
, we can see that

β̃t = 1/

(
αt
βt

+
1

1− ᾱt−1

)
(2.27)

µ̃(xt,x0) =

(√
αt
βt
xt +

√
ᾱt−1

1− ᾱt−1
x0

)
/

(
αt
βt

+
1

1− ᾱt−1

)
(2.28)

=

√
αt(1− ᾱt−1)

1− ᾱt
xt +

√
ᾱtβt

1− ᾱt
x0 (2.29)

=
1
√
αt

(
xt −

1− αt√
1− ᾱt

εt

)
(2.30)

Since β̃t only depends on variables which we know from the forward diffusion process, we
can calculate β̃t and thus we do not need to train βθ. This leaves µ̃(xt,x0) as the only
unknown. Hence, in order to find the estimate pθ(xt−1|xt) we need to train µθ(xt, t) to
predict µ̃(xt,x0) and set βθ = β̃t. Since xt is an input in training we essentially only need
to train the noise term εθ.

µθ(xt, t) =
1
√
αt

(
xt −

1− αt√
1− ᾱt

εθ(xt, t)

)
(2.31)

During training the evidence lower bound (see Sec. 2.3.1 for derivation) on the negative
log likelihood would be optimised

E[− log pθ(x0)] ≤ Eq
[
− log

pθ(x0:T )

q(x1:T |x0)

]
= Eq

− log pθ(xT )
∑
t≥1

log
pθ(xt−1|xt)
q(xt|xt−1)

 := LELBO

(2.32)

10
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which can be rewritten as

LELBO = Eq[DKL (q (xT | x0) ‖pθ (xT ))

+
T∑
t=2

DKL (q (xt−1 | xt,x0) ‖pθ (xt−1 | xt))− log pθ (x0 | x1)]
(2.33)

Ho, Jain, and Abbeel 2020 found that using a simplified loss function improved sample
quality

Lsimple(θ) := Et,x0,ε

[
||ε− εθ(

√
ᾱtx0 +

√
1− ᾱtε, t)||2

]
(2.34)

If T → ∞, then xT will follow a Gaussian distribution, which means that we can sample
new images from a Gaussian distribution once we have found pθ(xt−1|xt) by training the
NN.

2.3.4 Sampling

Once the neural network has been trained there are a multitude of ways one can approach
the sampling of new datapoints. Here we focus on the sampling methods for denoising
diffusion probabilistic models specifically. Ho, Jain, and Abbeel 2020 made use of ancestral
sampling where one starts with a Gaussian field and then iterates backwards, removing
noise at each time-step. Y. Song et al. 2021 showed that the forward as well as reverse
diffusion process can be written as stochastic differential equations (SDE). The reverse
time SDE only depends on the score, which allows for the SDE to be numerically solved.
They also proposed an equivalent ODE which can be solved directly from noise, skipping
many iteration steps and thus speeding up the sampling process.

Ancestral sampling

Given that ancestral sampling is an iterative process, one starts by drawing a sample from
a standard Normal distribution xT ∼ N (0, 1), with a mean of zero and a variance of one.
In a second step, one removes one layer of noise to find xT−1

xT−1 =
1√
ᾱT

(
xT −

1− αT√
1− ᾱT

εθ(xT , T )

)
+ σTz (2.35)

where εθ(xT , T ) is the output of the neural network, z ∼ N (0,1) and σT =

√
β̃T . This

process of removing noise at each time-step is then repeated (iterating over t = T, . . . , 1)
until the de-noised image x0 is generated. The full algorithm is shown in Table 2.1.

Sampling Algorithm

1: xT ∼ N (0,1)
2: for t = T, . . . , 1 do
3: z ∼ N (0,1) if t > 1 else z = 0
4: xt−1 = 1√

ᾱt
(xt − 1−αt√

1−ᾱt
εθ(xt, t)) + σtz

5: return x0

Table 2.1: Summary of the ancestral sampling algorithm

Reverse time SDE

A stochastic differential equation (SDE)

dx = f(x, t)dt+G(t)dw (2.36)

11
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with f(x, t) being the drift coefficient and G(t) the scalar coefficient, can be discretised in
the following way

xi+1 = xi + f(xi, i) +G(i)zi (2.37)

If we compare this to Eq. 2.19 we find f(xi, i) = (
√

1− βi − 1)xi and G(i) =
√
βi. In

order to find x0 from xT the SDE needs to be reversed. Y. Song et al. 2021 proposed the
following reverse time SDE and its discretisation

dx =
[
f(x, t)−G(t)G(t)>∇x log pt(x)

]
dt+G(t)dw (2.38)

xi = xi+1 − f(xi+1, i+ 1) +Gi+1G
>
i+1s

∗
θ(xi+1, i+ 1) +Gi+1zi+1 (2.39)

They also showed that the ancestral sampling in Ho, Jain, and Abbeel 2020 is equivalent
to the discretised SDE of the following form

xi = (2−
√

1− βi+1)xi+1 + βi+1s
∗
θ(xi+1, i+ 1) +

√
βi+1zi+1 (2.40)

Probability flow ODE

The forward SDE can also be written as an ODE with the following form

dx =

{
f(x, t)− 1

2
G(t)G(t)>∇x log pt(x)

}
dt (2.41)

Y. Song et al. 2021 proposed to integrate this probability flow ODE backwards in time by
discretising it

xi = xi+1 − fi+1(xi+1) +
1

2
Gi+1G

>
i+1s

∗
θ(xi+1, i+ 1) (2.42)

which they showed in the specific case of a DDPM to be

xi = (2−
√

1− βi+1)xi+1 +
1

2
βi+1s

∗
θ(xi+1, i+ 1) (2.43)

This ODE can then either be solved iteratively or by using any ODE solver method (e.g.
Runge-Kutta).
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Chapter 3

Experiment

3.1 Training data

The data used for training was generated by Fluri et al. 2019 using N-body simulations run
with PkdGrav3 (J. G. Stadel 2001). The simulations assumed a flat ΛCDM universe and
generated particle positions in 3D boxes for 57 different cosmologies which only differ in the
choice of Ωm and σ8. The remaining parameters were chosen as Ωb = 0.0493, H0 = 67.36
and ns = 0.9649 which correspond to the results obtained by Planck 2018 (Collaboration
et al. 2020). The convergence maps were then produced with UFalcon (Sgier et al. 2021)
by projecting the particle densities along the line of sight, according to a lensing kernel to
model the effects of gravitational lensing. For training, we then split the data into training
and test cosmologies, the choice of which was identical to Perraudin et al. 2020 and can be
seen in Fig. 3.1. Due to each cosmology having 12 N-body runs and each run producing
1000 cut-outs from the full sky, the training data consisted of 550k images.

0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
m

0.6

0.8

1.0

1.2

8

training parameters
test parameters

Figure 3.1: Above one can see the parameter space of the cosmologies generated by the N-body
simulation. The blue diamonds are the cosmologies which were not used for training and thus can
be used as test data. The diamonds which have a yellow glow are the cosmologies which we focus
on in our analysis and are labelled in Tab. 3.1.

Before training, the data first underwent some preprocessing. Since the convergence maps
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Ωm σ8

A 0.250 0.658
B 0.254 0.862
C 0.312 0.664
D 0.311 0.842

Table 3.1: Acronyms for the four test cosmologies.

range from regions of low density to extremely high density a key idea was to first normalise
the data by taking the logarithm. This reduces the dynamic range of the data and thus
makes it easier to learn. After this, we tried two different approaches. Once we scaled the
data to lie exactly in the range [−1, 1] and once we standardised the data to have a mean
of 0 and a standard deviation of 1.

3.2 Neural networks

3.2.1 Baseline: CWGAN

We used the publicly available1 Conditional Wasserstein GAN (CWGAN) from Perraudin
et al. 2020 as the baseline for our DDPM. The architecture of the GAN consists of a
generator with three linear and five deconvolution modules and a discriminator with five
convolution and four linear modules. They make use of a Wasserstein loss functions (which
helps with the issue of mode collapse), RMSProp as an optimiser, a batch size of 64 and
trained the network for around 170 hours on a GeForce GTX 1080 GPU. The conditionality
was implemented by rescaling the latent vector with the following function

ẑ = f(z, y) =

(
l0 +

l1 − l0
b− a

(y − a)

)
z

‖z‖2
(3.1)

Here y ∈ [a, b] is the parameter vector, in our case ΩM ∈ [0.1, 0.5] and σ8 ∈ [0.4, 1.4],
and `0 = 0.1

√
n and `1 =

√
n with n being the size of the latent vector. This function is

applied to the latent vector before it is fed into the generator and was created with the idea
to make the conditioning continuous. The generator of the CWGAN then learns to spot
the differences in input (scaling of the latent vector) and extrapolates that to differences
in output (different cosmologies). The discriminator in the training process is also always
fed both the fake/real image and concatenates that with the fake/real parameter vector,
giving the generator more incentive to produce mass maps conditional on the cosmological
parameters assigned.

3.2.2 Conditional DDPM

We built the diffusion model based on a tutorial2 with a UNet (Ronneberger, Fischer, and
Brox 2015) with 5 downsampling and 5 upsampling layer, skip connections and sinusoidal
position embedding (Vaswani et al. 2017). The skip connections allow for the full informa-
tion to propagate unaltered and the position embedding allows the network to distinguish
between the different time-steps or noise levels. This is done by using a sine and cosine

1https://renkulab.io/gitlab/nathanael.perraudin/darkmattergan
2https://colab.research.google.com/drive/1sjy9odlSSy0RBVgMTgP7s99NXsqglsUL?usp=sharing#

scrollTo=2fUPyJghdoUA
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positional embedding

PE(t, 2i) = sin

(
t

n2i/d

)
(3.2)

PE(t, 2i+ 1) = cos

(
t

n2i/d

)
(3.3)

where d is the dimension of the input embedding space which we chose to be d = 32 and t
is the current time-step. Furthermore, n is a scalar which Vaswani et al. 2017 chose to be
n = 10000 and i is the index 0 ≤ i < d/2 used to map to a column within the embedding
matrix. The sine and cosine positional embeddings, together spanning the t-th row of the
embedding matrix, are then concatenated and added to every block. This allows each
time-step to be encoded onto a unique sinusoidal wave while simultaneously allowing the
network to learn the relative position of one time-step to another. A visualisation of the
position embedding of the first 100 time-steps in our DDPM can be seen in 3.2. Much more
simply, we implemented the conditionality by embedding the labels into the network in
every block. More specifically, we conditioned the neural network to generate images based
on the choice of Ωm and σ8. A depiction of the full architecture of the neural network can
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Figure 3.2: PE depicted for the first 100 time-steps of our DDPM. On the x-axis the time-steps
are visible and on the y-axis one can see all indices up to the dimension of the position embedding,
which we chose to be d = 32. The black box outlines the positional embedding of a single time-step,
in this case t = 50. Extending the plot to t = T would then show the entire PE-matrix.

be seen in Fig. 3.3. Each block consists of two convolutions with kernel size k = 3, stride
s = 1 and padding p = 1 with ReLU activation functions, where in the first convolution
the number of channels is doubled. In between, the labels as well as the time-steps are
embedded (also with ReLU activation). Finally a down-/upsampling step is performed
using a convolution with kernel size k = 4, stride s = 2 and padding p = 1 where the
image size is quartered. The upsampling process makes use of the skip connections where
information can flow unhindered.

During training we used a batch size of 40 and an L2 loss (see Eq. 2.34) as well as an Adam
optimiser (Kingma and Ba 2017) with a learning rate of 10−3. The models were trained
with an NVIDIA Tesla P100 from the Swiss National Supercomputing Centre (CSCS) for
60k - 120k steps (18-36 hours), depending on the model, which is significantly shorter than
the training for the CWGAN. Since the loss function converged fairly quickly and is not a
direct measure of how well the DDPM is generating mass maps, we had to hand-pick the
best checkpoints, a process also done by Ho, Jain, and Abbeel 2020. Every 500 steps five
samples were drawn and both the pixel value distribution as well as the angular power-
spectrum were calculated, which informed our decision on which checkpoints to further
investigate.
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Figure 3.3: A depiction of the UNet used in the DDPM. The black arrows portray the 3 × 3
convolutions whereas the orange arrows refer to the down and upsampling process. In between
the two black arrows both label and time-step embeddings are performed. The dashed black
arrows visualise the skip connections and the orange blocks symbolise the data that has been
added/brought forward by the skip connection. The squared numbers give insight to the size of
the image at each step and the number above the blocks shows the number of channels at that
stage.

Hyper-parameters

We discuss six different models which trained sufficiently well, an overview of which can be
seen in Table 3.2. One of the three key parameters adjusted is the beta scheduler. Once
we chose a linear beta scheduler with T = 1000 time-steps, β0 = 0.02 and βT = 0.0001
mirroring the choice of Ho, Jain, and Abbeel 2020. This choice of beta values is equivalent
to doubling the amount of time-steps and halving the initial and final beta values β0 = 0.01
and βT = 0.00005. We would expect more time-steps to increase the accuracy of the DDPM
and thus chose this as our second beta scheduler. Finally we also took a look at a novel
beta scheduler which relies on linearly increasing the logged signal-to-noise ratio (Kingma,
Salimans, et al. 2022). The SNR scheduler was adjusted such that the initial and final
beta values would match up with the linear beta scheduler. A comparison between the two
noise schedulers can be seen in Fig. 3.4. Another key aspect which we wanted to test is
the impact of the depth of the UNet. For this reason, we compare three slightly different
architectures of the UNet. Once we train the NN with a 5 layer UNet (shown in Fig. 2.7)
and once with 4 and 3 layers only. Finally, as mentioned previously, we also compared a
model trained on standardised versus scaled training data.
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Figure 3.4: Both the linear beta scheduler as well as the SNR scheduler are shown in this plot.
T = 1000 time-steps were chosen and the initial and final beta values were kept fixed at β0 = 0.02
and βt = 0.0001

Name Preprocessing Beta Scheduler Architecture # Trainable Parameters

N1000-5L scaled 1000 linear 5-layer UNet 62’431’873
S1000-5L standardised 1000 linear 5-layer UNet 62’431’873
S2000-5L standardised 2000 linear 5-layer UNet 62’431’873
SSNR-5L standardised SNR 5-layer UNet 62’431’873
S2000-4L standardised 2000 linear 4-layer UNet 11’442’305
S2000-3L standardised 2000 linear 3-layer UNet 3’689’601

Table 3.2: Six different models with their key differences are shown in the table above.

3.3 Diagnostics

When judging the quality of natural images such as face one usually can do so quite
well by eye. In our case we go a step further and use a multitude of summary statistics
to effectively judge the quality of the generated images, a process which is not always
possible with natural images. One of the first tests performed was comparing the pixel
value distribution Npixels(κ) of the generated images to the test data not used in training.
This already gives us insight into the NNs capabilities to learn the distribution of the data
Pdata(x). We are not only interested in the values of the pixels but also how the pixel values
are distributed throughout the image. Thus we also calculated the angular power-spectrum
C` and the bispectrum B`. Consider and observable O, which we can expand in terms of
spherical harmonics O =

∑∞
`=0

∑`
m=−`O`mY`m with the amplitude O`m. In cosmology,

the angular power-spectrum is then defined as the variance of the amplitude O`m of that
observable 〈O`mO∗`′m′〉 = δ``′δmm′C`. The bispectrum would then be the 3-pt correlation
function 〈O`mO`′m′O`′′m′′〉 = G``′`′′mm′m′′B``′`′′ , where G``

′`′′
mm′m′′ is the Gaunt integral.

Another tool to evaluate the morphology of large-scale cosmological distributions are the
Minkowski functionals (Schmalzing, Kerscher, and Buchert 1995). More specifically, we are
interested in the three morphological descriptors V0, V1 and V2. All three describe a certain
aspect of the pixels of an image above a certain threshold. V0 describes the area of the
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emerging islands, V1 the circumference and V2 gives the value for the Euler characteristic
χ (number of emerging islands minus the number of isolated holes):

V0(κ) = Npixels(> κ) (3.4)
V1(κ) = −4Npixels(> κ) + 2E(> κ) (3.5)
V2(κ) ≡ χ(κ) = Npixels(> κ)− E(> κ) + V (> κ) (3.6)

where E(> κ) are the edges of the emerging islands and V (> κ) the vertices. To compare
all these statistics to the test data, we used the fractional difference

f =
xdata − xsample

xdata
(3.7)

with a preferred value below 5%. Furthermore, the Wasserstein-1 distance (Kantorovich
1960) allows us to compare the distribution of the pixels within the generated images to
the data and was thus also used as a diagnostic tool.

W1(µdata, µsample) =

∫
R
|Fdata(x)− Fsample(x)|dx (3.8)
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Chapter 4

Results

After completing training on all models mentioned in Table 3.2 we found that the model
with standardised data, a linear beta scheduler with 2000 time-steps and a three layer UNet
produced the most favourable checkpoint. Later in this chapter (Sec. 4.2) we examine the
effectiveness of the other models. In Fig. 4.1 one can see four samples generated with the
S2000-3L DDPM, alongside images drawn from the test data for comparative purposes,
for four different test cosmologies. By just looking at the images, it is impossible to tell
which one was generated by the DDPM and which stems from the test data. Furthermore,
qualitatively the DDPM is able to predict the visual structures of the different cosmologies,
signifying that it has successfully conditioned itself on the parameters Ωm and σ8. In
order to compute the summary statistics we generated 100 samples for each of the four
test cosmologies illustrated in Fig. 3.1. The resulting angular power-spectrum, bispectrum
and the pixel value distribution, along with the fractional difference of the DDPM samples
and the N-Body test data, are depicted in Figure 4.2. The power-spectrum as well as the
bispectrum were calculated using LensTools (Petri 2016). By looking at the top four
plots we can see that the power-spectrum is consistent with the test data within <5% for
small and medium scales, however, there is a visible deviation at large scales. In contrast,

DD
PM

m = 0.250, 8 = 0.658

N-
Bo

dy

m = 0.254, 8 = 0.852 m = 0.312, 8 = 0.664 m = 0.311, 8 = 0.842

Figure 4.1: Images generated by the S2000-3L DDPM for four different cosmologies and the
test data (N-Body) for comparison.
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Figure 4.2: Power-spectrum, bispectrum and pixel value distribution of both the N-Body data
and samples from the S2000-3L DDPM. The blue and red bands correspond to the 68% confidence
limit. Below the plots the fractional difference between the N-Body data and the samples is shown
in black where the grey bar corresponds to a <5% deviation.
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Figure 4.3: All three Minkowski functionals of both the N-Body data and samples from the
S2000-3L DDPM. The configurations are the same as in Fig. 4.2

the median of bispectrum does not follow the test data well with a fractional difference that
is often above 20%. Nevertheless the median still lies within the 68% confidence interval.
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The pixel value distribution leaves room for improvement as it does not follow the test
data perfectly, but instead displays a fractional difference of approximately 10%. Here it
is important to note that when aligning the mean of the convergence κ of the samples
with the dataset we observe agreements within <5%, as we can see in Fig. 4.4. While
it would be preferable for the DDPM to accurately estimate the pixel value distribution,
from an observational point of view the mean of the convergence is irrelevant since one
observes shear, from which one can only find a degenerate convergence with an added
constant.
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Figure 4.4: Pixel value distribution of the N-Body data and samples from the S2000-3L DDPM
once unchanged and once aligned with the mean of the N-Body data. The blue, red and purple
bands correspond to the 68% confidence limit. Below the plot the fractional difference between
the N-Body data and the samples is shown in black where the grey bar corresponds to a <5%
deviation.

In Fig. 4.3 one can see the three Minkowski functionals for the same four test cosmolo-
gies. To calculate these functionals, we utilised the LensTools package once again. Upon
examining the first functional V0 we can observe that the model predicts the area of emerg-
ing islands with reasonable accuracy, where in two cosmologies we see a <5% fractional
difference. However, the cosmologies A and C are not being fit very well. We can see a
similar trend for the circumference V1 and Euler characteristics V2, where once again the
cosmologies B and D follow the test data well, whereas the other two cosmologies exhibit
a deviation. Upon revisiting Fig. 4.1 we can see that the generated cosmologies that more
accurately match the test data seem to be more clustered. This could be a reason why the
neural network has an easier time learning the structure of those images.

To further analyse the results, we evaluated the Wasserstein-1 distance for 20 samples of
each set of cosmological parameters. Prior to calculating it we standardised the dataset and
the samples (to have a mean of µ = 0 and variance of σ = 1) with respect to the training
data for each set of cosmological parameters, equivalently to Perraudin et al. 2020. This
was done due to the Wasserstein-1 distance being a scale-dependent measure. In this case
a 1σ shift of the mean would lead to a Wasserstein-1 distance of W1 = 1 and a doubling
of the variance would correspond to W1 ≈ 0.8 (Perraudin et al. 2020). In Fig. 4.5 one
can see the W1 values as well as absolute fractional difference of the power-spectrum of
all parameters. At first glance it is apparent that the DDPM has difficulty extending to
low matter density Ωm. Nevertheless, it is able to explore previously unseen cosmologies
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Figure 4.5: (left) Wasserstein-1 distance and (right) average absolute fractional difference be-
tween the median of the power-spectrum (linearly binned) of 20 generated samples and of the
test/training N-Body data for all available sets of cosmological parameters.
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Figure 4.6: N-Body images of different cosmologies, with their position on the plot providing
information on their cosmological parameters Ωm and σ8. An equal plot using samples from the
DDPM can be seen in Fig. A.4 in Appendix B.

with ease, provided they do not lie at the edge. A visual representation of the different
cosmologies can be seen in Fig. 4.6 from which we can tell that the cosmologies which the
DDPM has difficulties with are ones which are very dim and sparse in structure.

4.1 Sampling methods

Sampling one image from the S2000-3L DDPM takes roughly 90 seconds, which is sub-
stantially shorter than running an N-Body simulation. Nevertheless it still takes longer
compared to a GAN, which can generate hundreds of images in seconds. In this section
we examine a few different sampling approaches applied to our trained DDPM: ancestral
sampling, reverse-time SDE sampling, discretised ODE sampling and solving the ODE
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with a blackbox solver by Y. Song et al. 20211. We note, that the method of ancestral
sampling is the standard sampling method which was also used in all other instances in this
thesis and acts as a benchmark in this section. To provide a visual comparison, Fig. 4.7
displays the power-spectrum and pixel value distribution for 20 samples for each of the four
sampling methods. At the top of the figure one can see four images, each generated with
the same initial conditions. Both the images generated with ancestral and SDE sampling
look different to the others which is due to the stochastic nature of the sampling process.
Conversely, the ODE and blackbox ODE sampler (Runge-Kutta of order 5) produce images
which resemble each other, as the sampling process is deterministic in nature. While the
specific cosmology investigated here has the parameters of D, similar behaviours were also
observed for the other test cosmologies. Upon examining the summary statistics we see
that the reverse-time SDE sampling performs similarly to ancestral sampling, as predicted
by Eq. 2.40. However, the discretised as well as blackbox ODE solver have difficulties
generating outputs which follow the test data. It is worth highlighting that the blackbox
ODE solver produces one image within 13 seconds which is is significantly shorter than all
other three sampling methods (for which it takes 90 seconds). Hence to prioritise accu-
racy, one would choose the ancestral sampling method, while the blackbox ODE sampler
is preferable for those prioritising speed.
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Figure 4.7: Different sampling approaches applied to the S2000-3L DDPM with cosmological C.
At the top four images generated with the same initial conditions and below the power-spectrum
as well as the pixel value distribution are depicted.

4.2 Impact of hyper-parameters

4.2.1 Standardised vs scaled

In this section, we present a comparison between two preprocessing techniques: standar-
dising the training data to have a mean of 0 and a standard deviation of 1, and scaling

1https://github.com/yang-song/score_sde
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the training data to lie within the range of [−1, 1]. In Ho, Jain, and Abbeel 2020 they
also use a scaling approach where they scale images with integers in [0, 255] to lie between
[−1, 1]. Nevertheless, here we are not dealing with traditional images but rather density
maps and hence this is not necessarily the optimal approach. In Fig. 4.8 one can see some
summary statistics for both the N1000-5L DDPM and S1000-5L DDPM respectively. The
model trained on the scaled data fails to match both the power-spectrum as well as the
bispectrum. Conversely, training on standardised data shows better results on the power-
spectrum, especially on small scales. On large scales there are some deviations, nonetheless
the median of the samples still lie within the error-bars of the test data, with the excep-
tion of the cosmology with parameters A. The median of the bispectrum does not follow
the test data very well, however still remains largely within the error-bars. This could be
a result of the large scatter of the bispectrum as well as the limited amount of samples
drawn. Furthermore, the pixel value distribution is matched significantly better by the
model trained on standardised data versus scaled data, especially samples drawn for the
cosmology with parameters D which exhibit a fractional difference below 5%. Similarly,
the Minkowski functionals for the S1000-5L DDPM outperform the N1000-5L DDPM, as
seen in Fig. A.1 in Appendix A.
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Figure 4.8: Power-spectrum, bispectrum and pixel value distribution of both the N-Body data
and 20 samples from the N1000-5L DDPM and S1000-5L DDPM. The blue, red and purple
bands correspond to the 68% confidence limit. Below the plots the fractional difference between
the N-Body data and the samples is shown in black where the grey bar corresponds to a <5%
deviation.

4.2.2 Beta scheduler

In addition to preprocessing, another important hyper-parameter of a DDPM is the beta-
or noise-scheduler. Ho, Jain, and Abbeel 2020 use a beta scheduler with T = 1000 time-
steps, β0 = 0.02 and βT = 0.0001. However, as mentioned in the Sec. 2.3.3 increasing
the number of time-steps T → ∞ results in xT matching a Gaussian distribution more
closely. Therefore, it could be preferable to use a larger number of time-steps. In our
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case we chose to double the amount of time-steps to T ′ = 2000 and in order to keep the
amount of noise added constant we halved the initial and final noise level to β′0 = 0.01 and
β′T = 0.00005. In addition we also tested the SNR-noise scheduler as described in Sec. 4.2.
The outcomes obtained from the S2000-5L DDPM and SSNR-5L DDPM are illustrated in
Fig. 4.9. Concerning the power- and bispectrum it is unclear if the increased amount of
time-steps or the SNR noise scheduler had an impact. Nevertheless, it can be argued that
the SNR noise scheduler is able to match the power-spectrum to an equal degree on large as
on small scales, unlike both of the linear beta scheduler. On the other hand, the pixel value
distribution seems to be matched more consistently throughout all four test cosmologies
by a model with more time-steps compared to the SNR noise scheduler. Similarly, the
Minkowski functionals, shown in Fig. A.2, for the model with T = 2000 also match the
test data more reliably compared to a model with a non-linear noise scheduler.
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Figure 4.9: Power-spectrum, bispectrum and pixel value distribution of both the N-Body data
and 20 samples from the S2000-5L DDPM and SSNR-5L DDPM. The blue, red and purple
bands correspond to the 68% confidence limit. Below the plots the fractional difference between
the N-Body data and the samples is shown in black where the grey bar corresponds to a <5%
deviation.

4.2.3 Architecture

A final hyper-parameter of interest is the number of UNet layers, and thus the number
of trainable parameters. Fig. 4.10 shows the output of a trained DDPM with four layers
compared to five layers. For both, the power-spectrum of the generated images has diffi-
culties conforming to the test data, particularly on large scales. This seems to be an issue
of the DDPM throughout all choices of hyper-parameters and it is unclear what is causing
this excess in power-spectrum on large scales. Nevertheless, four layers seems to expand
the accuracy to slightly larger scales than for five layers, while three layers extend to even
larger scales (as seen previously in Fig. 4.2). Conversely, more layers enhance the accuracy
of the pixel value distribution as well as the Minkowski functionals (see Fig. A.3). Finally,
the bispectrum performs equally poorly for all three models but still remains largely within
the error-bars.
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Figure 4.10: Power-spectrum, bispectrum and pixel value distribution of both the N-Body data
and 20 samples from the S2000-4L DDPM and S2000-5L DDPM. The blue, red and purple
bands correspond to the 68% confidence limit. Below the plots the fractional difference between
the N-Body data and the samples is shown in black where the grey bar corresponds to a <5%
deviation.

4.3 DDPM vs CWGAN

Finally, we compare the trained S2000-3L DDPM to the results from the CWGAN (Per-
raudin et al. 2020)2. In order to compare the two generative models, we sampled 100 mass
maps from the DDPM and 100 mass maps from the CWGAN for each of the four test
cosmologies. Upon examination of the power-spectrum, bispectrum and pixel value dis-
tribution, as shown in Fig. 4.11, it seems that the CWGAN generates samples of slightly
higher accuracy. For the power-spectrum both models follow the test data with equal
proficiency for small scales, whereas on large scales the CWGAN outperforms the DDPM
by remaining largely within the <5% confidence limit. Once again we observe this excess
in the power-spectrum at large scales for the DDPM. The bispectrum seems to also be
better fit by the CWGAN, albeit not to the same extent as the power-spectrum. Here it is
important to note, that we are not extending to as large scales as for the power-spectrum.
Moving on to the pixel value distribution, we notice that the DDPM and CWGAN follow
the training data comparably well. We can see a similar pattern in the Minkowski func-
tionals, depicted in Fig. 4.12 where the CWGAN generally deviates less from the test data
compared to the DDPM. However, this trend is primarily observed for the cosmology A.
Finally, in Fig. 4.13 one can observe the spread of the power-spectrum for the N-Body
data, CWGAN and DDPM samples of the four test cosmologies A, B, C and D. As we can
see both the DDPM and CWGAN estimate the spread of the data well on large scales.
Surprisingly, on small scaler the DDPM then under-predicts the spread whereas the CW-

2Unfortunately, we initially worked with data which had slight deviations from the data used to train
the CWGAN. It is still not clear to us how these two datasets differ and hence we needed to retrain our
model on the new data which is the reason why the following plots do not resemble Fig. 4.2 and Fig. 4.3
exactly.
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GAN tends to over-predict it. Improving on this measure is of importance if one wishes to
use the generated convergence maps for covariance estimation.
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Figure 4.11: Power-spectrum, bispectrum and pixel value distribution of both the N-Body data,
CWGAN and S2000-3L DDPM samples. The blue, red and orange bands correspond to the
32% and 68% percentiles. Below the plots the fractional difference between the N-Body data and
the DDPM/CWGAN samples is shown in the continuous/dashed black line where the grey bar
corresponds to a <5% deviation from the test data.
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Figure 4.12: All three Minkowski functionals of both the N-Body data, CWGAN samples and
samples from the S2000-3L DDPM. The configuration of the plot is the same as in Fig. 4.11
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Chapter 5

Conclusion

In this thesis we explored the use of a DDPM in generating convergence maps conditioned
on the cosmological parameters σ8 and Ωm. To establish the CWGAN as a baseline, we
chose the dataset and parameter distribution identically to Perraudin et al. 2020. Addi-
tionally, we investigate the impact different hyper-parameters and sampling methods have
on the quality of the generated images.

We found the model which produced the most favourable checkpoint used standardised
training data, a linear beta scheduler with T = 2000 time-steps as well as a three layer
UNet. Visually, the DDPM is able to successfully produce convergence maps conditioned on
σ8 and Ωm. Concerning the summary statistics, the power-spectrum of the DDPM matches
the N-Body data within the >5% confidence limit for matter densities of Ωm > 0.25. This
trend can also be seen when investigating the Wasserstein-1 distance, where the DDPM is
able to approximate cosmologies with larger Ωm with higher accuracy. Higher order statis-
tics, such as the Minkowski functionals and the bispectrum, have a harder time agreeing
with the test data but generally still lie within the 68% confidence limit. When investigat-
ing different sampling methods, we found that ancestral sampling approximates the test
data most accurately. Nevertheless, the reverse time SDE approach still shows promising
results and sampling the data by solving the blackbox ODE increases the sampling speed
seven-fold. When investigating the impact of the hyper-parameters we found that for
all models the DDPM has difficulties approximating the power-spectrum at large scales.
Nevertheless, by decreasing the number of layers in the UNet (and thus decreasing the
number of trainable parameters) one can extend the accuracy of the power-spectrum to
larger scales. We also found that a linear beta scheduler works best for our setup and that
more intermediate time-steps increase the accuracy on all summary statistics. Similarly,
training on standardised data outperforms training on scaled data. Finally, when compar-
ing the best checkpoint with the baseline, we observed only marginally better results for
the CWGAN.

In conclusion, we showed that the denoising diffusion probabilistic model is a promising
new generative tool in cosmology. Due to its stable and easy training as well as high image
output quality it has already been shown to outperform GANs (Dhariwal and Nichol 2021)
in natural image generation, but in this thesis we hope to have shown that it also demon-
strates optimistic results for more complex data such as convergence maps. Additionally,
the DDPM we trained was a standard implementation of the model and still allows for
further modification. There are many projects (e.g. Hong et al. 2023, J. Song, Meng,
and Ermon 2022, Nichol and Dhariwal 2021, Ho, Saharia, et al. 2021) expanding on the
architecture of a DDPM and are showing promising results for natural image generation,
paving the way for future applications in the field of physics.
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A Minkowski functionals for hyper-parameters
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Figure A.1: All three Minkowski functionals of both the N-Body data and 20 samples from the
N1000-5L DDPM and S1000-5L DDPM. The blue, red and purple bands correspond to the
68% confidence limit. Below the plots the fractional difference between the N-Body data and the
samples is shown in black where the grey bar corresponds to a <5% deviation.
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Figure A.2: The same plot structure as in Fig. A.1 but for the S2000-5L and SSNR-5L DDPM.

32



Chapter 5. Convergence Maps using DDPM

0.0

0.2

0.4

0.6

0.8

1.0
M

in
ko

ws
ki

 V
0

m = 0.250, 8 = 0.658

N-Body
S2000-4L
S2000-5L

m = 0.254, 8 = 0.852 m = 0.312, 8 = 0.664 m = 0.311, 8 = 0.842

0.2

0.0

0.2

0.00

0.02

0.04

0.06

0.08

M
in

ko
ws

ki
 V

2

0.2

0.0

0.2

0.015

0.010

0.005

0.000

0.005

0.010

M
in

ko
ws

ki
 V

4

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
0.2

0.0

0.2

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Figure A.3: All three Minkowski functionals of both the N-Body data and 20 samples from
the S2000-4L DDPM and S2000-5L DDPM. The blue, red and purple bands correspond to the
68% confidence limit. Below the plots the fractional difference between the N-Body data and the
samples is shown in black where the grey bar corresponds to a <5% deviation.
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Figure A.4: Images generated by the S2000-3L DDPM for different cosmologies, with their
position on the plot providing information on their cosmological parameters Ωm and σ8
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Figure A.5: A grid of images generated by the S2000-3L for test cosmology A.
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Figure A.6: A grid of images generated by the S2000-3L for test cosmology B.
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Figure A.7: A grid of images generated by the S2000-3L for test cosmology C.
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Figure A.8: A grid of images generated by the S2000-3L for test cosmology D.
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